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About

• NAVIMAT
• Background for the DASG – NAVIMAT project: formal requests for multi –

disciplinarity in Danish upper secondary. Development of teaching materials
and examples of ’good practice’.

• Research perspectives: Potentials for mathematics education of multi-
disciplinarity

1. Modelling and use of models in mathematics contrasted with other
subjects’ models

2. Mathematical reflections contrasted and made explicit

3. Informed and critical teaching of applied of mathematics

4. Intertwined with ’new’ technologies like CAS
5. Teachers’ encouraged professional development

• Presentation based on papers from: CermeVI WG 11, ICME11 TSG 21, 
Nordic Source book, NoGSME Workshop at Norma08, CADGME and 
ICTMA14.
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NAVIMAT’s staff and activities

The picture: 
Bent Lindhardt, Leader of Region East
Mette Andresen, National leader
Kaj Østergaard, Leader of Region North

Others : 
Erik Bilsted, consultant Region South and 
Birgitte Henriksen, consultant
Morten Misfeldt, research manager Danish 
GeoGebra Institute

Around 4000 hours project work and 2000 hour 
teaching in 2008 – more in 2009

2009:
A full time national leader, two half time regional 
leaders, one half time and one quater time 
consultants.

Danish GeoGebra Institute:
A research manager and a number of resuorce 
persons, around 350 working hours in all

Research – and development projects, teaching
projects, joint Ph.d. projects, evaluations, 
publication of results conference activities

Side 3
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The DASG – NAVIMAT project 2008 - 2010

Pilotproject: Teachers develop and try out teaching materials to support teachers
to meet the new demands of multi disciplinary teaching.

Collaborations between
• Matematics and social science
• Matematik and natural science
• Matematik and human science

The materials (in Danish) are available on the web!

Side 4
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Research perspectives: Potentials 
for mathematics education of multi-
disciplinarity

1. Modelling and use of models in mathematics contrasted with other
subjects’ models

2. Mathematical reflections contrasted and made explicit

3. Informed and critical teaching of applied of mathematics

4. Intertwined with ’new’ technologies like CAS

5. Teachers’ encouraged professional development
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Mathematics in multidisciplinary
teaching

• Prescribed in Danish upper secondary schools’ curriculum since 2005 in mathematics: 
• Support students’ knowledge about ‘important aspects of the interplay between mathematics and 

culture, science and technology’
• Students supposed to know ‘how mathematics adds to understanding, formulating and treating

problems in different subject areas’
• Students must know about mathematical reasoning
• Enable students to competently take a position on the applications of mathematics and to pass further

education

Case: Modelling chemical equilibrium in school mathematics with technology
• Chemistry and mathematics
• With (CAS-) technology: Mathcad
• Teaching materials prepared by A. Petersen: two parts
• Part of development project: Danish Science Gymnasiums (DASG)
• Students’ written reports from first try out
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Modelling and use of models

Aims of the study: to throw light on:

• Students’ perception of modelling in mathematics and in chemistry
• Connections between mathematical and chemical models
• Distinctions between mathematical theory and chemical practice

• Role of technology enhanced mathematics for students’ understanding of
• Chemical equilibrium
• Connections between theory and practice

• Technology in mathematics as a means to make modelling processes more explicit

The students’ work in the project:
• Theory: Law of mass action, models to describe systems of equilibriums
• Experiments in lab: measurementr of electrodes potentials to determine concentrations of silver ions 

in solutions
• Practice: calculations based on theory and on experiments, comparison
• Dokumentation: individually written reports
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Models of chemical equilibrium

Equilibrium:

• Same speed of reactions

• Equal amount of each substance over time

Models based on:

• Law of mass action: K = constant

• Law of conservation of matter: no detectable increase
or decrease in the quantity of matter

• Law of conservation of energy: energy can be neither
created nor destroyed, although it can be changed in 
form
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Our case: modelling the stepwise
formation of chemical complexes with

and 
Two steps: 
• Ag+(aq) + NH3(aq) � Ag(NH3)+(aq)
• Ag(NH3)+ + NH3(aq) � Ag(NH3)2

+(aq)

With 
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Other versions: Three or eight equations, 
with three or eight unknowns, resp.

• Simplification of the model: Very few silver ions as which
means may be eliminated from the system of equations

• Expanding the model: Ammonia’s reaction with water gives additional
unknowns and equations

etc.

+)Ag(NH3

[ ]+)Ag(NH3

[ ] [ ]
[ ] M1078,1K
NH

OHNH 5
B

3

-
4 -

+

×==
×



NoGSME
25. September 
2009

RECENT 
DEVELOPMENTS 
IN SCHOOL 
MATHEMATCS' 
ROLES AND 
RELATIONS

Mette Andresen

www.navimat.dk

Four equations in the unknowns
, , and
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Students’ perception of modelling in 
mathematics and in chemistry: 

Connections between mathematical and chemical models:
• The law of mass action is a very strong basis, fundamental to the

connection between mathematics and chemistry in this case. Not an 
issue of discussion!

• No questions about the sufficiency of the mathematical model, or about
capturing qualitative/unmeasurable factors

Distinctions between mathematical theory and chemical practic:
• Huge discrepancies between theoretical and practical results did NOT 

affect the students
• Technical explanations for the discrepancies
• No discussion of, or arguments for, the validity of the model 
• Few examples of comparison between different models in the reports
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Technology in mathematics as a means to make
modelling processes more explicit:

Focus in the students’ work was on the experiments, not on theoretical perspectives or
modelling perspectives:

• Lack of time (the project lasted only two weeks)
• New methods in lab (measuring potentials of electrodes)
• Fundamental principles rarely discussed in the classroom

Chemical equilibrium
• ’Invisible’ use of technology
• No discussion of approximations

Connections between theory and practice
• No focus on ’useless’ solutions
• A few students mention calculation error to explain the discrepancies, with no

further details

This study was not conclusive.
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Conclusion and perspectives

The topic suitable for further investigations!

• Next try out in spring 2010

• Students’ pilot project included, to test a less fundamental hypothesis than the law of mass action

• Comparison between different models requested (three, four and eight equations)

• Classroom discussions as a forerunner for writing the reports’ conclusions

• New instruction sheet for the experiments, tailored for this project

• More time needed
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RME: Mathematics is a human 
activity (Hans Freudenthal)

• Learning mathematics is guided reinvention by 
horisontal and vertical mathematizing

• Mathematising is substantiated by reflections

• Students pass through four levels of activity: a 
new mathematical reality is created at each
level

Main ideas in this presentation are based on the
following RME interpretation:

• To reflect and to learn: Two sides of the same 
coin

• Basically, there is no difference between the
learning of, the modelling within and the
application of mathematics

(Fig 1.) Levels of activity. 
Gravemeijer, K. & Stephan, M. (2002). p 159
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Learning and doing mathematics:

Students’ learning mathematics:
Aims of the teachers’ planning:
• Create rich mathematical environments
• Challenge the students by the presentation of problems which ask for mathematising
• Guide the students to follow the learning trajectory

Students’ learning about mathematics:
To guide the students’ reflections, the teacher has to:
• Identify points of interest in the processes of mathematising
• Formulate thought-provoking questions to guide the students’ reflections
• Make the students’ reflections explicit in classroom discussion/meta reflections
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Mathematical reflections

Reflections from a philosophical point of view:
a) The learning subject transcends the immediate object of his/her present 

consciuosness
b) Outcome: consciousness at a more general level, where the first object is 

situated in a broader context
c) Outcome, in general: knowledge of relations between the first object and 

similar objects in the same class

Philosophical reflections as a tool for mathematical reasoning:

1) The level of the mathematician.

2) The level of the deliberately working mathematician.
3) The level of the philosopher of mathematics.

4) The level of the epistemologist.
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Levels of mathematical activity and 
reflections

Reflections:

• Epistemological

• Philosopher of mathematics

• Deliberated mathematician

• Mathematician

(Prediger 2007) based on the
stratification in (Neubrand 2000)

LevelsLevels ofof activityactivity. (. (Gravemeier,KGravemeier,K. and . and 
Stephan, M. (2002) p 159)Stephan, M. (2002) p 159)
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Preparation and use of a reflection guide

Steps to prepare a reflection guide. The teacher has to
• Choose a suitable part of the students’ imagined learning trajectory
• Design a structure of the inclusion of reflections into the teaching sequence
• Identify potential levels of activity in the teaching sequence and/or in the teaching

materials
• Formulate suitable, thought-provoking questions to ask the students

The role of the reflection guide is to
• Help the teacher to be concious about and to use thought-provoking questions about

mathematical thinking
• Help to structure the teacher’s analysis of students’ learning trajectory
• Help to give weigth (by the students and the teacher) to the core perspective of

mathematics as an activity and, thereby, to give a more balanced wiew on mathematics
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The level of the mathematician.
Activities at the situational level: 
• Task 1; talking about the total of two numbers, 

the cube of each of the numbers and the total 
of the cubes of the numbers

• Task 2; talking about the boat situated 10 km 
from the coast, the house 12 km along the 
coast, the distances along the beach, across 
the water and the total distance he has to go, 
the fastest movement and the time it takes.

Questions to stimulate reflections 
• Task 1: what could we call the two numbers? 

How could the cube of the first number be 
denoted? 

• Task 2: how could we denote the distance he 
has to go, crossing the water? How can we 
express the time this part of the tour it takes?

To deepen the students’ mathematising
• Task 4: What is the shape and orientation of 

the parabola? How is the parabola situated 
relative to the point?

• Task 5: what does A mean? What would 
happen in line 21 if h equals zero?
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The level of the deliberately working 
mathematician.

Activities at referential level:
• Task 1; putting up the equations where a and 

b are still interpreted as the two, unknown 
numbers and s is thought of as the total of the 
numbers’ cubes

• Task 5; finding the derivative of A, substituting 
500 for V and isolating r2in the equation in line 
23

Questions to stimulate reflections:
• Task 1: Which one is the variable, if we see s 

as a function? What does s depend of?
• Task 2: How can we determine the derivative 

of t1+ t2?

To stimulate descending between levels:
• Task 2: Can t1 be negative? What would the 

maximum value be for x?
• Task 3: How many solutions can there 

possibly be?
• Task 5: What are the restrictions on r and h?
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The level of the philosopher of 
mathematics

• Rise from general to formal model tends 
to happen over time

• By solving the tasks in Encl1, certain 
routines are carried out repeatedly

• The overarching activity to accomplish 
the worksheet’s tasks gives insight into 
corresponding methods. 

• Reflections upon the emergence of a 
method from carrying out a routine a 
number of times, give insight into 
mathematics at formal level. 

• Reflections might concern 
methodological issues like how to 
identify a method and how to distinguish 
between different methods 

• Questions in our case:
• What do you need to know, to be able 

to minimise an unknown quantity?
• What kind of expressions can be 

maximised?
• How do you state the assumptions and 

put up the conditions for optimisation?
• Is it always possible to put up an 

expression and find the derivative? 
What exceptions can you imagine? 

• Do you know any analogous to this way 
of problem solving?
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The level of the epistemologist

Activities at the formal level may be widened by further reflections. The 
characteristics of mathematics and related issues can be enlightened by 
classroom discussions of questions like: 

• Do you know any examples of modelling from other subjects than 
mathematics?

• What are the aims of models in other subjects like physics, chemistry, 
economy, and text analysis, social sciences?

• Who decide about the validity of a model in each of these subjects? What 
are the ‘rules’?

• How can you decide whether a model belongs to mathematics? What are 
the characteristics?

• Who make the models, what are they made for?
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Modelling and reflections, concluding
remarks

• In multidisciplinary teaching it is necessary to decide whether to make a distinction
between mathematics and ’the real world’ or not

• The delineation of mathematics and the underlining of its characteristics can not follow
the traditions from single-subject-teaching

• The RME interpretation implies that mathematics is not separated from the real world
and it also implies that basically, there is no difference between developing, learning
and using mathematics

Why should the teacher prepare and use a reflection guide? Can’t students just learn about
mathematics by doing mathematics?

• YES! At least, it is impossible to learn about mathematics without to do mathematics.

• NO! Doing classroom mathematics is to complex, changing, focused on technicalities, 
language, social backgrounds and norms, applications and relations with other subjets, 
everyday life..

We must be carefully responsible rather than just optimistic!
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CAS and other technology

Case: Change to a modelling approach with the use of computer
• ‘World Class Math and Science’ project
• The use of laptops in upper seondary mathematics, chemistry and physics
• My Ph.d. project Taking advantage of computer use for increased flexibility of mathematical 

conceptions

Classic introduction of differential equations:
• In the context of calculus
• Algebraic equation in a function and its derivative
• Focus on determination of integrals

Changes from the classic to dynamic approach:
• Structural view versus dynamical system
• Support modelling competence
• Learning by constructing conceptions

Side 25
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Example: Text and task from a classic 
textbook (Carstensen, J. and Frandsen, J (1999). Mat 3H. Systime Denmark)
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Example: Task from the project’s textbook
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Example: Students’ strategy
Find the general solution to the differential equation

General solution:
The equation for cholesterol is of the type 
dy/dx=b-ay
and may be solved as
follows: (b is a constant)

Students’ strategy
•Identify the type of equation
•Recognise it in the compendium
•identify and substitute the actual values of the 
constants in the expression for the solution
•Use ‘VECTOR’ to graph a family of solutions

0.1(265 )
dC

C
dt

= -
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Family of graphs
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Modelling with technology, conclusion

The computer’s role:
• Slope fields, sketches of graphs of solutions 
• Qualitative analysis
• Numerical solution methods
• Families of solution functions
• Changes between general and specific

Exploring models as a ‘forerunner’ of expressive modelling:
• Explore and revise a model 
• Study the ‘mechanics’ of the single terms
• Focus on particular, mathematical conceptions
• Model recognition

Conclusion
• Numerical methods for solving Differential Equations (DE) provides for mathematical modelling 

released from traditional restrictions in the form of request for analytical solution
• Exploration of DE models supports the students formation of conceptions like solution, families of 

solutions, equilibrium point etc. 
• The interpretation in a suitable notion of the students’ explorative work serves to to point out crucial 

elements of their modelling activities, which are facilitated by the use of computer routines. 



NoGSME
25. September 
2009

RECENT 
DEVELOPMENTS 
IN SCHOOL 
MATHEMATCS' 
ROLES AND 
RELATIONS

Mette Andresen

www.navimat.dk

Applied mathematics: The Vioxx case

• Vioxx was a pain-reducing drug, and the case was about the statistical estimation of its long-term 
effects

• It is impossible to carry out large-scale trials to determine effects on humans of drugs such as Vioxx
• Trials are substituted by statistical inquiry of the population of users, but the statistical models have to 

be modified and the criteria for the acceptance or rejection of hypotheses must be changed
• The Vioxx case served as a context for the students to study probability value (p-value), statistical 

significance and confidence intervals. 
• Vioxx was approved in May 1999. The database included 5000 patients on Vioxx and did not show an 

increased risk of heart attack or stroke.
• A second study, designed to look at side effects of Vioxx (stomach ulcers and bleeding) was 

submitted in June 2000. It showed that patients taking Vioxx had fewer stomach ulcers and bleeding 
than patients taking another NSAID

• The second study also showed a greater number of heart attacks in patients taking Vioxx.
• The question was, whether and how this side effect could have been discovered earlier?
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Applied mathematics, conclusions

The challenge for the teacher in the Vioxx case was to combine three elements:

The mathematical content: 
• Introduction and basic training of terms and relations in probability and statistics
• In the pre-pilot, this content was taught in line with common practice in this class
• The usual textbook was used as base for the teaching

The role of mathematics in the actual case
• The process of mathematising itself was an issue of debate
• Mathematics played a central role because test of the hypotheses in the model could be a 

matter of life or dead
• The authenticity of the case served to draw attention to the modelling process

A look from outside at the societal role of mathematics, in this case involving
ethical as well as economical perspectives

• Development, test and application of medical treatments are based on the use of bio statistics
• Mathematics in this case played an important role for healthcare at individual and societal levels
• Ethical as well as economical perspectives were involved
• Public discussion of these issues is one element of democracy

Side 32
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Teachers’ encouraged professional 
development

Background: New formal requests of ICT integration into mathematics.
Put new demands on the teachers:
1. Required ICT knowledge and skills
2. Creation of new learning environment
3. Dealing with new media
4. Changed classroom norms and needs
5. Extended curriculum

Initiative from Danish GeoGebra Institute (DGI):
• Training sessions offered to primary and upper secondary school teachers and teacher educators:

• Initiate and support professional development for groups of teachers, directed towards ICT 
integration

• Not ready – made courses – The training sessions must be taylored to meet the actual group’s
needs

• Four essentials of ICT integration into mathematics are captured in the design of training
sessions

• We use GeoGebra – other software might have been chosen as well

Side 33
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Why initiate professional development in 
stead of giving courses?

Lean upon Cobb, P., Zhao, Q. And Dean, C. (2009). Conducting design experiments to 
suport teachers’ learning: a reflection from the field* adresses three conceptual 
challenges: 

a) locate the teachers’ learning in the institutional setting  
b) to account for the collective learning of the teacher group
c) to relate teachers’ activity in professional development sessions and in the classroom. 

Concentrate on c) for our purposes in DGI:
The relations between teachers’ activity in classroom settings and professional development settings are 

conceptionalized bidirectional: 
• Bidirectional interplay between the teacher’s use of artefacts in the two settings 
• Not only a mere two-way  movement of for example GeoGebra training sequences and students’

tasks. 
• Consequently, the training session must offer more than just an opportunity for the teachers to 

prepare and discuss teaching materials to be used in their classrooms. 

Our goal became to initiate collaborative professional development focused on integration of ICT in 
mathematics teaching, in groups of teachers with one or two experts from DGI as the group’s 
partner.

*In: Journal of the Learning Sciences, 18:2, 165 – 199
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Aims and challenges:

The introduction of formal requests of ICT integration put new demands on the teachers:
• The sessions aim to initiate and/or suport the teachers’ professional development to 

meet these new demands 
This introduction also has huge potentials; ICT integration has a profound impact on school 

mathematics. So, the DGI initiative also aim to 
• Realise (at least some) potentials for curriculum development, enhanced learning, 

inclusive teaching, investigative and inquiry learning etc
Challenges:
• Levels of teaching: Primary and upper secondary school and teacher education
• Different levels of knowledge, skills, expertise and experience ask for a flexible

design of the training sessions
• The DGI experts taylor the design to meet the interests and needs of the actual

teachers and carry out the training session. Continue collaboration with the group
after the session
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Content of the training sessions 

Four essentials of ICT integration:

The model’s designs are centred on four essentials:
• Tool (conceptions of mathematics & ICT) 

• Medium (meta perspective)

• Vehicle for learning (meta perspective)

• Change agent (forced or chosen changes) with regard to
a) Rethinking of teaching mathematics
b) New perspectives
c) New content

Content of the actual training session is weighted choice between issues, captured by the four


